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Risk Premiums associated with an Investment:

R = Real Risk-Free interest rate + Inflation Premium + Default Risk Premium + Liquidity Risk Premium + Maturity Risk

Premium

The difference between the Real Risk-Free rate and the Nominal Risk-Free rate is Inflation.
Nominal Risk Free Rate = Real Risk Free Rate + Inflation Premium (Approx.)

Nominal Risk Free Rate = [(1+RRFR) x (1+IP)] — 1 (Accurate)

EAR Formula:

Once we have calculated EAR, a future value of the investment can be directly estimated without worrying about
compounding frequency.

EAR=(1+r/y)¥Y*"-1

Formula for Future Value:

The formula for calculating the future value of a single present cash flow is;
FV=pPV(1+r)"

Compounding Frequencies:

Any compounding frequency can be tackled with the following notation;
EV=PV(1+r/Y)"*"

Money Amounts on a Time Line:

On a time line, only sums that are at the same point on the time line may be added or subtracted. For any value of
interest rate, the FV will be higher when N is higher. Also, for a given value of N, the higher the interest rate ‘r’, the
higher will be the Future Value ‘FV’.

Formula for Present Value:

The formula for calculating the future value of a single present cash flow is;

PV=FV/(1+r)"
Compounding Frequencies:

Any compounding frequency can be tackled with the following notation:

PV=FV/(1+r/Y) "
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Present Value:

The present value calculated will be higher if the future cash flow is higher. The higher the value of N or ‘N x Y’, the
smaller will be the present value of that cash flow. This is because if ‘N’ is high, it means that the cash flow occurs at a
very far out point in the future, and thus it will represent only a small amount of money at present. Lastly, a higher

discount rate, by which the principal is reduced, or Discounted, will imply a smaller present value.

Continuous Compounding of Interest:

If Interest is compounded continuously rather than in discrete units the formula for FV is as follows:

Fv=pvxe'™*N

Present Value of an Annuity:

We can compare several annuities by looking at their value today in present dollars by calculating their PV.

PV (Ordinary Annuity) =Ax [ 1-(1/(1+r]" ) ]

r
In the above formula, ‘A’ is the annual amount of cash flow from the annuity, ‘r’ is the discount rate to use
for the purpose of discounting and N is the number of periods in the annuity.

Future Value of an Ordinary Annuity:

The future value of an annuity can be calculated by the following formula:

FV (Ordinary Annuity) =A [(1 +r)" - 1]
r

Calculating the Present Value of an Annuity Due:

The formula for the present value of an ‘Annuity Due’ simply has an additional term, compared to the
present value of an Ordinary Annuity. Since the 1* payment from an Annuity Due occurs on time ‘0’. The
regular discounting formula will take the PV of these cash flows, effectively to time ‘-1’. Multiplying the
answer received by (1 + r), again transports the cash flow one period forward, from time ‘-1’ to time ‘0.

PV (Annuity Due) = A x[1-(1/(3+r)")] x(1+r)

r

Perpetuity:
Perpetuity is an ordinary annuity that extends indefinitely.

PV (Perpetuity) =A /r
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Net Present Value NPV:

Net Present Value is an application of the ‘Time Value of Money’ concept that allows us to determine the
value of an investment in excess of the cost of the capital utilized for the investment.

NPV = -CF, + CF;/(1+r)1 + CF,/(1+r)? ... CFy/(1#r)"

NPV Decision Rule — Mutually Exclusive Projects:

The NPV decision rule for mutually exclusive projects, where only one from an available choice may be undertaken, is
to choose the project with the highest NPV.

NPV Decision Rule If Projects can be independently undertaken:

For independent projects, the investor (or company) would rank the projects in order of highest to lowest NPV. All
projects with positive NPV would be undertaken if resources are available since positive NPV projects add value to the

investor’s wealth since positive NPV projects, more than cover the cost of capital.

Internal Rate of Return IRR:

The internal rate of return, IRR, is defined as that rate of return at which the NPV of the project will be equal to ‘0’.

The IRR is thus the return at which the present value of the cash inflow will not exceed the present value of the cash
out flow, but rather the two sets of present values, of the inflows and outflows will be exactly equal, generating an
NPV = 0.

NPV=0=-CF, +CF,/(1+IRR) +CF,/(1+IRR)”...CFy/(1+IRR)"
IRR and NPV Decision Rules — Independent Projects:

For Independent projects, both the IRR and NPV decisions rules will generate a consistent decision.

IRR and NPV Decision Rules — Mutually Exclusive Projects:

In the case of Mutually Exclusive projects, a resource constraint is applicable. A company has limited resources and can
only undertake the most efficient projects. This scenario requires that the projects must be ranked according to some
criterion. For independent projects, when project ranking is involved, project rankings based on NPV may not be the
same as project rankings based on the IRR. When such a conflict in rankings occurs, the NPV ranking evaluation
should be used for the purpose of decision making. Differences in the timings of the cash flows as well as the
differences in the size and scale of the cash flows may result in ranking conflicts between the NPV and the IRR.

Portfolio Returns Method 1 - Holding Period Return ‘HPR’:

The Holding Period Return is used for an investment that makes one cash flow at the end of the investment period,
after the investor has made a single initial investment.

HPR = (P;— Py + D;)/P,,

3|Page



Fs.zj
<€/ Quick Review Book and Formulae

©Copyright 2010 Finance Grid Limited — www.Finance-Grid.com Quantitat:'ve Methods - SS 2 and SS 3
Portfolio Returns Method 2 - Money Weighted Return ‘MWR’:

The MWR is similar to the IRR, and it accounts for the size and time of all portfolio cash inflows and outflows. Greater
weight is assigned to the returns when more money is invested in the portfolio. To calculate MWR, express all cash
flows in present value terms, then equate the two sets of PVs and calculate the IRR, which is going to be equal to the
MWR)

PV of Cash Outflows = PV of Cash Inflows

The rate of return which equates the two present values, is the MWR

Portfolio Returns Method 3 - Time Weighted Return ‘TWR’:

The overall investment time frame is broken into sub-periods depending on when the cash injections and withdrawals
take place. The returns for the various sub periods are calculated and then combined through geometric linking. For a
portfolio manager, who does not have discretion over when the client invests and withdraws money, TWR simply
measures the average of the portfolio manager’s return percentages, independent of the money sums under his

management.

Step 1: P (End of Quarter) — P (Beg. of Quarter) / P (Beg of Quarter). Let us assume that the 4 quarterly sub-period
returns are: 20%, 5%, 12% and -10%.

Step 2: The second step is to link the sub-period returns into an annual holding period return through geometric
linking (This is a mathematically superior method than just adding the 4 rates of return).

=(1+0.2) x (1+0.05) x (1+0.12) x (1+ “-0.1’) - 1

=(1.2x1.05x 1.12x 0.9)-1=0.27 or 27%

Debt Market Returns Method 1 — HPY — Holding Period Yield:

HPY is the return earned over the entire period that the investment is held and the investment returns one cash flow

return at the end of the period

HPY = (P, - P, + Int,)/P

Debt Market Returns Method 2 - EAY — Effective Annual Yield:

EAY adds a layer on top of HPY to account for ‘interest on interest’.

EAY = (1+HPY)**/*-1

Debt Market Returns Method 3 - Money Market Yield Ryw:

The Money Market Yield establishes equivalence between interest bearing and non-interest bearing debt instruments
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Debt Market returns Method 4 - Bank Discount Yield:

Bank Discount Yield is a quoting convention for T-Bills. T-Bills do not pay any interest. The price at which these are sold
is at a discount to their face value. The calculation is based on 360 day count for the year. It is treated more like a
convention for price quotes rather than as an appropriate return measure since it based on Face Value rather than
Price of the T-Bill.

R 5 = Face Value — P, x 360
Face Value t

Conversion from rMM:
rMM, => HPY: HPY = rMM x (t/360)

rMM, => EAY: EAY=[1+(rMM x %/360’) ®/" -1
Conversion from EAY:

EAY =>HPY:  HPY=(1+EAY)"/**-1

EAY =>rMM: rMM=[(1+EAY)"**-1] x (360/t)
Conversion from HPY:

HPY =>EAY:  EAY=(1+HPY)**/'-1

HPY =>rMM: rMM = HPY x (360/1)

Linkage with Bank Discount Yield:

The linkage of the above three measures for conversion purposes is established through the convertibility between
money market yield and bank discount yield

Fvm=360xrg, / [360—(txrgp)]
Different Coupon Frequencies of Bonds

The yields of a semi-annual pay bond cannot be directly compared with the yield of an annual pay bond.

Yield Quotation of a Semi-Annual Pay Bond:

The yield quoted for a semi-annual pay bond is referred to as the ‘Bond Equivalent Yield’. To facilitate comparison with
an annual pay bond, the BEY of a semi-annual pay bond is first halved, and then appropriately adjusted to account for
the twice compounding effect during the year. The resultant yield is comparable to the quoted yield of an annual pay
bond;

Annual Pay Yield of Semi- annual Bond = [ 1 + (Semi-annual BEY/2) ]° -1
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Converting Annual Pay Yield to BEY:

Quick Review Book and Formulae

Alternatively, the annual pay yield, of an annual coupon bond can also be converted to BEY for comparison with the
semi-annual pay bond. We simply remove the effect of compounding and double the resultant yield for comparability
with BEY.

BEY of an Annual Pay Bond = 2 x [ (1 + YTM on Annual Pay Bond)? -1 ]

Descriptive Statistics include:

Measures of Central Tendency: Describe how data is centered around the central values
Measures of Dispersion: Describe how far the data is distributed away from the central values
Symmetry (Skewness): Indicate whether the data is symmetrically or non-symmetrically distributed

Likeliness of Extreme Outcomes (Kurtosis): Chances of extreme observations in the data set

Important Definitions in Statistics:

Population: A population is defined as all the members of a specified group
Sample: A subset of the population is known as a Sample
Sample Statistics: A descriptive measure of the sample, or calculated from the sample

Population Parameter: A descriptive measure of the population

Measurement Scales in Statistics:

Nominal Scales: On this scale, only names are assigned, but no ranking or order is present.

Ordinal Scales: Ordinal Scales deal with assigning a rating to the data set. Additionally, an order is assigned or present
on this scale.

Interval Scales: On an interval scale, not only an order is assigned, but also the interval between the categories is
equal.

Ratio Scales: Strongest Level of Measurement Scales in which there is also a ‘true zero point’. Order, as well as a
constant difference between the categories is present.

Frequency Distribution:

Absolute Frequency: Number of observations in each category in a frequency distribution is called the Absolute
Frequency.

Relative Frequency: The number of observations in each interval group, divided by the total number of observations,

represented as a percentage, is referred to as a relative frequency.

Absolute Cumulative Frequency: Absolute cumulative frequency is the count of observations in each interval group
AND, the cumulative number of observations in the interval groups preceding it.
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Cumulative Relative Frequency: The cumulative relative frequency is the relative frequency percentage within a

particular category AND, the cumulative relative frequency percentage of each interval group which precedes the
interval.

Arithmetic Mean

Arithmetic Mean is a simple average of all the numbers (Sum of observations/Total number of observation). A quality
of the ‘Mean’ is that it incorporates information about all observations. Its drawback is that it is sensitive to extreme
values.

Mean of a Population=u= X‘i=1toN’ Xi
N

The Median

When the observations are in ascending or descending order, the middle value is the Median.
The median is positioned at (n+1)/2.

The Median is a measure that is not affected by extreme values. However, the Median does not incorporate
information about the value of all the observations.

The Mode

The Mode is value that occurs most frequently in a data set. Sometimes, a data distribution may have more than a
single mode. Such a distribution is called a ‘Multi-Modal’ distribution. The Mode is the only measure that can be used

with simple ‘Nominal Data’ as well as other types of data. For a non-modal distribution, modal intervals can be used.

Weighted Mean

The weighted mean is also called the expected value, or the weighted average.
Weighted mean = X (Wi x Xi)
Geometric Mean:

The geometric mean is useful when computing averages of a time series rate of return. Also the geometric mean is

used for calculating the growth rates of variables such as the growth rate of earnings or the growth rate of sales.

Geometric Mean = [ (1+r,) x (1#r,) x .... (1#r,) ]/ - 1

Quartiles:

There are 3 quartiles, and these divide a distribution into 4 quarters. Q2 exactly corresponds to the median, which also
splits the data into two halves. The ‘Inter-Quartile Range’ is an important concept in quartiles; it is the distance

between the upper quartile and the lower quartile, i.e. ‘Q3 - Q1’".
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Quintiles:

There are 4 quintiles, and these divide the distribution into 5 parts of 20% each. There is no direct correspondence of

any of the 4 quintiles with the median value.

Deciles:

There are a total of 9 deciles that divide the distribution into 10 parts of 10% each. The fifth decile corresponds exactly
to the median.

Percentiles:

There are a total of 99 percentiles that divide the distribution into 100 parts of 1% each. The fiftieth percentile
corresponds to the median value. Also note that the 25" percentile corresponds to the lower quartile Q1, and the 75"

percentile corresponds to the upper quartile, Q3.

Position of a Percentile:
When data is sorted in an increasing order, the position of any percentile can be calculated according to the formula:
Position of a Percentile=L,=(n+1) x y/100.

In the above formula, ‘y’ is the position of the percentile we are seeking to calculate and ‘n’ is the total number of
elements in the distribution.

Measures of Dispersion — The Range:

Range = Highest Observation — Lowest Observation.

Dispersion through the Mean Absolute Deviation ‘MAD’:

The mean absolute deviation is calculated as the sum of absolute deviation of each observation ‘ xi ’ from the mean
value,’ i ’, the sum then being divided by the total number of observations ‘n’.

MAD={Z%‘I"from1ton, [(xi-d)]}/n

Population Variance:

In order to calculate the population variance, it is necessary to know all the observations in that population. The
calculation requires that the arithmetic mean is first calculated. Both positive and negative deviations of each
observation from the mean are taken into account.

Variance=o’ =3 (Xi-uf’ / N
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Population Standard Deviation:
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The population standard deviation is simply the square root of the population variance.

Standard Deviation=0 = Vo ?
Sample Variance:

Sample variance = s’ =z (Xi-a)f / n-1
Sample Standard Deviation:

s =Vs

Chebyshev’s Inequality:

The Chebyshev’s Inequality provides an estimate of the proportion of the values that lie within ‘k’ standard deviations
of the arithmetic mean= 1 -1/k

This expression is valid for all values of ‘k’ that are > 1.

Coefficient of Variation ‘CV’:

The Coefficient of Variation is the ratio of the standard deviation of a distribution, to its mean value.
Cv=s/a

If we apply the concept of Coefficient of Variation to a distribution of returns, the CV measure then indicates the ‘Risk
Assumed per unit of Return’.

Sharpe Ratio:

The Coefficient of Variation expresses ‘risk per unit of return’. The inverse of the CV ratio would be to express the
return on the investment in the numerator and its standard deviation in the denominator. The inverse CV would then
be ‘return per unit of risk’. If we subtract the risk free rate of return from the numerator value, we would be able to
assess the degree of return attributable only to the risky component from the investment’s return, to its own level of

risk, given by the standard deviation. The Sharpe ratio is such a measure:

Sharpe Ratio = Exp (Rp) — Rf

o port
Skew:

Lack of Symmetry in a distribution is called Skewness. In a Perfectly Symmetrical Distribution, the mean and median
are the same. The distribution can be described completely by its mean and variance. For a perfectly symmetrical

distribution, the following observations hold:

689% observations within +1 standard deviations
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95% within #2 standard deviations

99% within +3 standard deviations

However, for a skewed distribution, the above results are not valid due to the lack of symmetry. A skewness
coefficient +0.5 or— 0.5 will be considered a very large positive or negative skew.

Kurtosis:

Kurtosis represents the degree of ‘Peaking’ of a distribution. The henchmark height of a distribution is based on the
height of the ‘Normal Distribution’, which has kurtosis equal to ‘3’. A distribution that is more peaked relative to the
normal distribution is referred to as ‘Leptokurtic’ and one that is less peaked relative to the normal distribution is
called ‘Platykurtic’. The normal distribution is referred to as ‘Mesokurtic’.

Two properties that together define the concept of probability:

1. The probability of any event E, will be a number that is between ‘0 and 1’. In statistical notation, this property is
written as:

0 < P(E) <1

2. The total of the probabilities of a set of any number of events, which are mutually exclusive and collectively
exhaustive, will be equal to ‘1"

Empirical Probability:

When probability estimates are based on the occurrence of certain events in historical data, we are dealing with a set
of empirical probabilities. The level of accuracy of estimates based on empirical probability will be high only if the
relationship observed in the past has been stable over time.

A Priori Probability:

This type of probability is not based on past observations rather these are determined on the basis of logical
deductions about behaviour patterns.

Subjective Probabilities:

Subjective probability is based on a personal judgement. However subjectivity as a basis for assigning the probability
should not in itself be considered a factor to undermine the importance of this method.

Stating Probability in terms of ‘Odds For’ or ‘Odds Against’:
The ‘Odds For’ an event can be calculate as;

P(E) / [1-P(E)]

The ‘Odds Against’ an event, are calculated as:
[1-P(E)] / P(E).
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Note that the Odds against the car are simply the reciprocal of the odds for the car.

Conditional Probability:

The concept of conditional probability addresses the issue of the probability of the occurrence of an event A, given
that event B has already occurred;

P(A/B) = P(AB) = P(B)
Unconditional Probability:

The concept of unconditional probability is also called Marginal Probability. 1t is the simple probability of the
occurrence of an event A, and is expressed with the notation:  P(A)

Venn Diagrams for Understanding Joint Probability:

Consider two events A and B. The probabhility that both will occur together is known as Joint Probability. The notation
used to represent this scenario is

Joint Probability of A and B = P(AB)

In many statistical texts, this scenario is also represented as P(A N B)

Multiplication Rule for Probability:
The Multiplication Rule is used to determine Joint Probability, P(AB)
P(AB) = P(A/B) x P(B) If the event A is dependent on event B

P(AB) = P(A) x P(B) If the events A and B are independent

Addition Rule of Probability:

Consider two events A and B. The addition rule for probabilities is used to calculate the probability that at least one of
the two events will occur. The notation used to represent this scenario is P(A or B). In many statistical texts, this
scenario is also represented as P(A U B)

P(A or B) = P(A) + P(B) — P(AB)
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Mutually Exclusive Events:
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If the two events A and B are mutually exclusive, for them P(AB) =0

Also for mutually exclusive events P(A or B) = P(A) + P(B)

Event A Event B

Total Probability Rule with many Scenarios:

Consider an event that is likely to be affected by different scenarios. If a mutually exclusive and collectively exhaustive
list of all the scenarios can be assessed and probabilities can be assigned to these scenarios, then it becomes possible

to analyse the event in light of the scenarios.

Scenario S2

Scenario
S3

Scenario

Scenario Scenario
S5 54

The total probability rule, stated for ‘n’ number of mutually exclusive and collectively exhaustive scenarios listed as S1,
S2....5n will be:

P(A) = P(AS1) + P(AS2) +.... + P(ASn)

Probability of event A is thus derived by adding up the joint probabilities of event A with all events S1 to Sn. The joint
probabilities as we already know, are determined through the multiplication rule stated earlier.

Total Probability Rule with one Scenario:

When there is only one scenario, S, which due to its occurrence will influence the event A in a certain way, the only
other outcome can be that S does not occur, i.e. the ‘Complement of S’. The non-occurrence of S is described by the
notation S°. The total probability rule is then applied to determine the unconditional probability of event A, based on
the sum of its intersection with scenario S and the Complement of scenario S, which is S°.

P(A) = P(AS) + P(AS")
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Probability of event A is thus derived by adding up the joint probability of A with the occurrence of S and the joint

probability of A with the non-occurrence of S.

Expected Value:
E(X) = P(Xi)Xi + P(Xj)Xj + ..... P(Xn)Xn

Expected Value is the probability-weighted-average of all outcomes of a variable under various scenarios. The
probability of the occurrence of the scenario is multiplied with the outcome in case that scenario occurs. The same is
done for all scenario probabilities and the sum of these terms produces the expected value of the event.

Covariance Defined:

Covariance is defined as the ‘Degree of Co-Movement between two variables’.
PI1[(R;—ER )x(R;—ER ;)] +P2[(R;,—ER Jx(R ;—ER )] +...Pn[( R ;— ER )x(R ;— ER })]

One issue with covariance is that the units of Co-variance are difficult to interpret, however the Sign of Covariance can
be interpreted.

Correlation Defined:

Correlation is a standardized measure of Covariance. It is obtained by dividing the covariance between two variables

by the product of each variable’s standard deviation.
Correlation ,, , = Covariance o » / (0. X Ob)

Correlation measures the strength of the linear relationship between variables, between — 1 and + 1.Correlation is a

range bound measure, and is easy to interpret as it is itself unit-less.

Portfolio Variance of Returns on 2 Assets

o‘zpm Ret. = w;zaf + wfaf +2w;w;Covl,2

Portfolio Variance of Returns on 3 Assets

O port. Ret.= W1 07" + W50, + W5 05 + 2(wyw,Covl,2) + 2(w,wsCovl,3) + 2(w,w;Cov2,3)
Portfolio Standard Deviation

Oport Ret. = [ ozPort. Ret.)l/z

Covariance Substitution in Variance

2_2 2_2
O'ZPorr. Ret. =W; 01 +W2 02 +2w;w:Cov 1,2

2_2 2_2 .
P rort. Ret. = W12012 + W2205° + 2 wi w x Correlation abX (0 X 0Op)
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Baye’s Formula:

The total probability rule has been shown earlier. Baye’s Theorem is a method for reversing the total probability rule.
It can thus be used to update the prior probabilities of the precursor scenarios. The Baye’s formula uses the fact of
occurrence of an event to infer the probability of the scenario that has generated or preceded the event. The formula

is sometimes also called ‘Inverse Probability’.

P(B/A) = P(A/B) x P(B)
P(A)

Counting through Factorials:

Consider that a research division supervisor has to assign 4 of her analysts to cover 4 different sectors. The first analyst
can be assigned to one of 4 different sectors. After this assignment, the second analyst can be assigned to one of 3
different sectors. Further, there are 2 different possible assignments for the third analyst, and eventually only one way
to assign the fourth analyst to a sector. The total number of different ways of assigning 4 analysts to cover the four

sectors can be solved quickly through the multiplication rule, which simplifies to ‘4!, or ‘4 Factorial’.
Definition of Factorial: The definition of ‘n’ factorial = n x (n-1) x (n-2) x (n-1) .... 1
Counting the Total Number of Combinations:

To determine the total humber of combinations when we intend to select ‘r' number of elements from a total ‘n’
number of elements, and the order of the listed elements is not important; the combination formula is used.

nCr= _n!

(n-r)! x r!

Permutations:

In order to determine the total number of ways that ‘r' number of elements can be selected from a total ‘n” number of
elements, and the order of the listed elements is important; the permutation formula is used.

nPr= n!

(n-r)!

Probability Distribution:

The probability of the occurrence of various outcomes of a random variable is described in the form of a probability
distribution

Random Variable

A random variable is a quantity that has uncertain outcomes in the future. The values that this variable can take on are
‘random’ and a probability distribution can be assigned to its behavior.
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